ABSTRACT. Link between quadratic exponential functions and natural numbers is investigated through classical analysis arguments. An useful mid-point theorem is proved.
will be equal to f (n k ) in certain conditions. We apply these facts to establish further interesting properties of convergence and derivative of f . Using Rolle's theorem we show that f ′ (θ) = 0 for the mid-point θ ∈ (1, n k ).
Consider the quadratic function, Q 1 (x) = u 1 x 2 + v 1 x + w 1 where u 1 > 0, v 1 , w 1 ∈ R. Suppose u 1 = m 1 2 , v 1 = n 1 2 and m 1 (> 0), n 1 , c 1 ∈ N, m 1 + n 1 is even, then Q 1 (x) is an integer for an integer x [1, 2] . The versatile features of quadratic function when its coefficients are positive integers or real numbers have been popular in modeling natural sciences [3] . When quadratic function is taken as an exponent to the irrational number e, then the resultant function is called quadratic exponential function. Functions from such family were widely established tools in modeling biological data [4, 5] . These functions can even mimic properties of Gaussian probability functions [5] .
, it was proved that f (1) = f (|A|) [6] . In fact this statement was also proved there for k = 1 and u ∈ R − {0} , m ∈ N. We use these results and establish few interesting properties of such exponential function. By using Rolle's theorem we show that the derivative will be zero at the mid-point of the interval [1, |A|] .
Note that obviously Q(1) = Q(|A|) when Q(x) = ux 2 + vx. Also note 
Additionally, whenever u = (1) f1 (nk) f2 (1) f2 (nk) fp(nk) fp (1) fj (1) fj (nk) {fp (1)
for the p th combination of parameters of f and n k ∈ N.
f (1) = f (|A|). Therefore, we modify the previous result and state that as follows:
Proof. From lemma 1.1, for every |A| there corresponds a n ∈ N and then it follows that f (1) = f (n k ), whenever |A| ∈ N and for n k ∈ N.
Since |A| consists of every element of N, it follows that f (1) = f (n).
Theorem 2.2. When N is odd, k is even, v = (−1)
Nk−1 mu Nk−1 and {m, u, k, N} ∈ N, then it follows that f (1) = f (n k ), whenever |A| ∈ N and for n k ∈ N.
Proof. When N is odd and k is even |A| =
The rest of the proof can be deduced from theorem 2.1. 
Remark 2.5. Suppose D p be the logarithamic distance from 1 to |A| for the p th combination of parameters, then
Remark 2.7. Suppose N p+i is even for p = 1, 2, 3, ...
.. This is also explained through figure 3.1.
Remark 2.8. The number of pairs { f m (1), f m (n)} that satisfy remark 2.6 are countable.
Theorem 2.9. When N p+i is even for
This implies f p+1 (1) < f p (1) . We know that e −p → 0 as p → ∞. Thus Proof. We have |A| = mu 2k−2 − 1. Mid-point of the interval I is
Hence θ is the mid-point of the interval I. Fors a numerical example, consider {k = 3, m = 10, u = 8} as in section 1. For this combination |A| = 40959, mid-point of the interval is 20480 and f ′ (20480) = 0.
Proof. Verify easily that
By theorem 3.1 we know f ′ (θ) = 0 for θ ∈ I. Hence (1 + δ n ) is a midpoint.
To prove converse we begin as follows. Since mid-point of the interval I is m 2 u 2k−2 , we have
Now for given δ n = m 2 u 2k−2 − 1, we can verify that
Since δ 1 < δ 2 < ...δ n and by equations 3.2 and 3.3, the result 3.1 is straightforward.
For large value of the distance function D defined in remark 2.4, the shape of f look like the alphabet U [6] . Suppose instead of positive integer, let u ∈ Z − and other parameters k, m remain as before, and if we denote resulting function as g, then the shape of g was shown to have mirror image of U [6] . Based on this information and from theorem 3.2, we state the following corollary. In general, results on dynamics and periodic properties for the quadratic function of the form x 2 + K [7] and periodic properties of natural numbers [8] can be found. However, this present note is basically deals with a correspondence between natural numbers, quadratic exponential function, and the convergence of such functions mapped on natural numbers constructed using |A| .
